We study inflation in Weyl gravity. The original Weyl quadratic gravity, based on Weyl conformal geometry, is a theory invariant under Weyl symmetry of (gauged) local scale transformations. In this theory Planck scale (M ) emerges as the scale where this symmetry is broken spontaneously by a geometric Stueckelberg mechanism, to EinsteinProca action for the Weyl "photon" (of mass near M ). With this action as a "low energy" broken phase of Weyl gravity, long-held criticisms of the latter (due to non-metricity) are avoided. In this context, inflation with field values above M is natural, since this is just a phase transition scale from Weyl gravity (geometry) to Einstein gravity (Riemannian geometry), where the massive Weyl photon decouples. We show that inflation in Weyl gravity coupled to a scalar field has results close to those in Starobinsky model (recovered for vanishing non-minimal coupling), with a mildly smaller tensor-to-scalar ratio (r). Weyl gravity predicts a specific, narrow range 0.00257 ≤ r ≤ 0.00303, for a spectral index n s within experimental bounds at 68%CL and e-folds number N = 60. This range of values will soon be reached by CMB experiments and provides a test of Weyl
Motivation
There is a renewed interest in studying scale invariant models for physics beyond Standard Model (SM) and cosmology. This symmetry may also be present at the quantum level [1] [2] [3] . All scales (including the scale of "new physics" beyond SM) are generated spontaneously by field vev's and this symmetry may even preserve a classical hierarchy of scales [2] [3] [4] [5] [6] [7] [8] [9] [10] . In cosmology there are global [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] or local [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] scale invariant alternatives to gravity with spontaneous breaking that generates the Planck scale by a non-minimal coupling.
In this paper we study inflation in a theory with (gauged) local scale invariance. The theory considered is the original Weyl gravity [40] [41] [42] , based on Weyl conformal geometry [43] . This symmetry is also referred to as Weyl gauge symmetry and its associated gauge boson is called hereafter Weyl "photon". This theory has no fundamental scale (Planck scale, etc), forbidden by its symmetry. Weyl action is [40] [41] [42] 
Each term is Weyl gauge invariant (see later, eq. (6));R is the scalar curvature of Weyl geometry; F µν is the field strength of the Weyl "photon" ω µ . L 0 can also include an independent Weyl-tensor-squared term of Weyl geometry 1,2 denotedC 2 µνρσ . However, higher dimensional terms (R 4 ,etc) cannot be present in L 0 since there is no scale to suppress them.
As recently shown in [37, 38] scale dependence in Weyl gravity (1) emerges spontaneously after a geometric version of Stueckelberg breaking mechanism [45] of Weyl gauge symmetry: the dilaton, which is the Goldstone mode of this symmetry (and spin 0 mode propagated byR 2 ) is absorbed by the Weyl "photon" which thus becomes massive. Denoting by R the Ricci scalar of Riemannian geometry, action (1) becomes [37, 38] :
The Planck scale M is fixed by the dilaton vev and the Weyl "photon" acquired a mass ∼ qM near Planck scale (q is a dilaton coupling). Therefore the Einstein-Proca action (2) is just a "low-energy" broken phase of Weyl gravity: it is obtained after "gauge fixing" Weyl gauge symmetry. This involves fixing the dilaton vev which in a FRW universe is a dynamical effect [46] . Given its equivalence to action (2), Weyl action (1) avoids long-held criticisms since Einstein [41] related to non-metricity effects due to ω µ (e.g. changing of atomic lines spacing) that can be safely ignored since ω µ decouples near Planck scale M . Having Einstein gravity as a "low-energy" limit of Weyl action motivates us to study inflation in Weyl gravity. Moreover, the presence ofR 2 in (1) points to similarities to successful Starobinsky inflation [47] . And since Planck scale is just a phase transition scale, field values above M are natural in Weyl gravity. This is relevant for inflation where such values are common but harder to accept in models where Planck scale is the physical cutoff.
1 Then the F 2 µν term in (1) is actually generated byC 2 µνρσ when expressed in Riemannian language [44] . 2 A topological Gausss-Bonnet term of Weyl geometry may be present too, not relevant here.
Weyl gravity and inflation
To study Weyl inflation we review briefly the action of Weyl gravity coupled to a scalar field φ 1 , see [37, 38] for a detailed discussion 3 . The Lagrangian is
with couplings ξ 0 , ξ 1 , λ 1 .D µ is the Weyl-covariant derivative and
The scalar curvature of Weyl geometry (R) is related to its Riemannian counterpart (R) as above. Lagrangian (3) is invariant under a Weyl gauge transformation Ω(x):
ω µ is the Weyl gauge field, q is the coupling to φ 1 . We also have
g µν = Ω −1 g µν , and metric (+, −, −, −). Our conventions are those of [48] . Unlike Riemannian scalar curvature (R),R computed from the (invariant) Weyl connection transforms covariantly, eq.(6), due to the inverse of the metric entering its definition. With this observation, one sees the advantage of Weyl formulation (i.e. usingR) instead of the Riemannian language (using R) and why L is invariant under (6) .
One "linearises" (3) by using an auxiliary field φ 0 to replaceR 2 → −2φ 2 0R − φ 4 0 and to obtain a classically equivalent action. Indeed the equation of motion for φ 0 has solution φ 2 0 = −R, which when used back in the action recovers (3) . Given this, φ 0 transforms as any other scalar field. Therefore
Next, we must fix the gauge which we do by a particular Weyl "gauge-fixing" transformation (6) of Ω = ρ 2 /M 2 and ρ = (1/6)(ξ 1 φ 2 1 + ξ 0 φ 2 0 ) with M some scale (see later). We find
withR the Riemannian scalar curvature and
Therefore, as detailed in [37, 38] , the Weyl "photon" has become massive via Stueckelberg mechanism by "absorbing" the field ln ρ ∼ ln Ω, eq. (6), of the radial direction in the field space φ 0 , φ 1 . This is the Goldstone mode since under (6) ln ρ has a shift symmetry ln ρ 2 → ln ρ 2 − ln Ω. Weyl gauge symmetry is now spontaneously broken. The scale of breaking and the mass of Weyl "photon" is ∼ qM , with M identified with Planck scale. M is itself fixed by the vev of the radial direction which in a FRW universe is fixed dynamically [46] following a conserved current which drives the dilaton field to a constant value. Planck scale and the mass of ω µ are thus determined by the dilaton vev. Fields values above M are allowed here since this is just a phase transition scale in the theory. The Weyl-covariant derivative acting onφ 1 in (8) is a remnant of the initial Weyl gauge symmetry, now broken; one would like to decouple ∂ µφ1 from ω µ in order to study inflation; for a "standard" kinetic term forφ 1 , a field redefinition is used
to find
The potential is
V encodes the effect of the initial presence of the Weyl "photon". The potential has a minimum due to the non-minimal gravitational coupling ξ 1 > 0 and this is relevant for inflation; we assume σ as the inflaton, with V its potential.
Results
V of (12) is largely controlled by ξ 1 and the combination λ 1 ξ 0 . Its minimum is at:
The potential is shown in Figure 1 in function of the field σ, for different perturbative values of the non-minimal coupling ξ 1 , with two fixed values of the product (ξ 0 λ 1 ). Note that: a) For (λ 1 ξ 0 ) and ξ 1 small enough, V is constant V ≈ V 0 ∼ 1/ξ 0 and controlled by ξ 0 . b) Inflation begins in the region V = V 0 and lasts a number of e-folds that depends on the width of the flat region i.e. on the position of σ min ∝ γ. If λ 1 ξ 0 ≪ ξ 2 1 then γ ∼ 1/ √ ξ 1 so reducing ξ 1 will extend the flat region. c) From the condition the initial energy be larger than at the end of inflation, V 0 ≫ V min then λ 1 ξ 0 ≪ ξ 2 1 and also V min ≈ 0, as seen from eq.(12) and the second plot in Figure 1 .
Constraints on the parametric space are found from the normalization of CMB anisotropy [49] where ǫ * is the slow roll parameter. With tensor-to-scalar ratio r = 16ǫ * and r < 0.07 [49] then ξ 0 = 1/(π 2 r κ 0 ) ≥ 6.89 × 10 8 . In conclusion we have the parametric constraints
A large ξ 0 is always compensated by choosing an ultraweak value of λ 1 ≪ ξ 2 1 /ξ 0 ∼ 10 −9 ξ 2 1 so eq. (14) is respected for a chosen ξ 1 (note the coupling ofR 2 is 1/ξ 0 and is in the perturbative regime). We shall use these constraints to predict the spectral index n s and r.
The potential slow-roll parameters are
and
For λ 1 ξ 0 ≪ ξ 2 1 and ξ 1 ≪ 1, slow roll conditions are met, ǫ, η ≪ 1, as seen from a numerical analysis. Further, the number N of e-folds is
with
and c 1 = 3 2
Above σ = σ * is the value at the horizon exit. Inflation ends at σ = σ e found from ǫ = 1. Eqs. (15) to (19) are used for a numerical study of the scalar spectral index n s , the tensor-to-scalar ratio r = 16 ǫ * and number of e-folds N , in terms of ξ 1 and λ 1 ξ 0 . We have
where the subscript * stands for σ = σ * . are nearly identical (saturated bound as ξ 1 → 0) in both plots. Blue (light blue) regions correspond to n s given by n s = 0.9670 ± 0.0037 at 68 % CL (95 % CL) respectively [49] . The constraint r < 0.07 is easily satisfied. The value of r is very small, below that of Starobinsky case: for N = 60 we have r ≤ 0.00303 (from top curve, saturated bound as ξ 1 → 0) and r > 0.00257 from the lower bound on n s (68% CL) with ξ 1 = 1.6 × 10 −2 .
Before discussing numerical results, we present simple analytical results for n s and r in the limit λ 1 ξ 0 ≪ ξ 2 1 ≪ 1. Therefore, we can keep only the leading term in expansion in (λ 1 ξ 0 ), then expand in ξ 1 . These results depend on ξ 1 only in this approximation. We find
valid up to O(λ 1 ξ 0 ) corrections. Therefore
The value of n s is controlled by η in leading order O(ξ 1 ) while ǫ contribution is subleading O(ξ 2 1 ); hence we have a small tensor-to-scalar ratio r = 16 ǫ * . We then have
This is an approximate result (valid only for smallest ξ 1 ) for the top curve shown in the left plot in Figure 2 (this figure actually uses the exact numerical results discussed later). As an example, if n s = 0.968 then r ≈ 0.003. Increasing ξ 1 should reduce n s of (23) but there is implicit ξ 1 -dependence in σ * , computed below. First, we have
Inflation ends at σ = σ e where
For example: (σ e , ξ 1 ) = (12.8M, 10 −4 ); (7.16M, 10 −2 ). Then from (25), (26) 
Using this result we find an iterative solution σ * to eq. (17) for a fixed N :
where
For N = 60 then N ≈ 64.1 for ξ 1 between 10 −4 and 10 −3 ; for N = 55 then N ≈ 59.06 for the same ξ 1 range. Finally, using σ * of (28) and (21), (23), we have approximate relations for n s and r = 16 ǫ * :
r = 12
which are consistent with (24) and accurate for ξ ∼ 10 −3 for the r values considered here. Let us now analyse the exact numerical values of n s , r, N , eqs. (15) to (20) and compare them with the experimental data. Figure 2 summarises the main results of the paper: we presented n s versus r (left plot) and n s versus N (right plot), for models with parametric constraint λ 1 ξ 0 = 10 −10 and curves of different ξ 1 . The curves for ξ 1 = 10 −3 and ξ 1 = 10 −4 or smaller are nearly identical (saturated bound) in both plots. N varies along each curve in the plane (n s , r), and the range of values from N = 55 to N = 60 is shown in dark blue for each curve. Regions in blue (light blue) show the experimental values of n s at 68% (95% CL), respectively, where n s = 0.9670 ± 0.0037 (68% CL) from Planck 2018 (TT, TE, EE + low E + lensing + BK14 + BAO) [49] . These bounds on n s and r are comfortably respected at 68% CL for the values of ξ 1 shown.
Let us compare Figure 2 to a result of Starobinsky model in which for N = 55 one has n s ≈ 0.965 and r ≈ 0.0034 [52] . In our model, for the same N we also have r ≈ 0.00345 which is the largest r in the model for N = 55 (top curve in Figure 2 ). Therefore the values for r of the Starobinsky model (recovered for ξ 1 → 0), are at the upper limit of those in our model. This is also indicated by approximate results (30), (31) which also apply to Starobinsky model but with replacement N → N . With N > N we see that for the same N , we expect a mildly larger n s and smaller r than in Starobinsky model. Figure 2 for N = 60 gives a lower bound for r from the experimental (lower) value of n s (at 68% CL) quoted above and with ξ 1 = 1.6 × 10 −2 ; there is also an upper bound on r from the smallest ξ 1 (saturated limit, top red curve) also giving the largest n s :
Similar bounds can be extracted for different N . To conclude, a small tensor-to-scalar ratio is predicted by this model. Such value will soon be tested experimentally [53] [54] [55] . Our predictions used a hierarchy of couplings λ 1 ≪ ξ 1 ≪ ξ 0 . This hierarchy is stable under matter (scalar) quantum corrections to (3) due to ultraweak λ 1 required to satisfy (14): we have one-loop corrections δλ 1 ∝ λ 2 1 /κ; δξ 1 ∝ (ξ 1 + 1/6)λ 1 /κ and δξ 0 ∝ (ξ 1 + 1/6) 2 /κ, with κ = (4π) 2 , see e.g. [51] (Section 3.1). Therefore the relative λ 1 suppression factor can maintain this hierarchy since then |δλ 1 | ≪ |δξ 1 | ≪ |δξ 0 |. Therefore matter quantum corrections to r and n s are small (for the Starobinsky-Higgs model these are well below 2.5% for r and less than 1σ for n s for minimal values of λ 1 used here [51] ).
Further remarks
A similar potential was encountered in a nice related model [31] with Weyl local symmetry. What are the differences? In our model there is no torsion (Weyl connection coefficients being symmetric [37, 38] ) but we have Weyl gauge symmetry and non-metricity, while in the model of [31] only torsion is present. In this latter case the "gauge" field (denoted T µ ) is emerging from the trace over the torsion and replaces our ω µ . However, an ansatz is made
with φ a scalar field. Under this assumption the model seems Weyl integrable (see [50] for an example) and non-metricity is absent. Due to (33) the gauge kinetic term for T µ is vanishing (no dynamics) and can then be integrated out. Therefore, no geometrical Stueckelberg mass mechanism can take place. For this reason a flat (Goldstone) direction remains present and it has kinetic mixing with the inflaton. The results then depend on the dynamics of the flat direction. This has implications for inflation nicely discussed in [31] , where it is shown that a distinct field space geometry changes the slow-roll plateau, which can affect inflation. If the kinetic energy of the Goldstone is large it can dominate and a "kination" period predates the slow-roll inflation; this may have additional consequences (possible observable effects in the CMB on large angular scales) [31] . In our case there is no Goldstone (flat direction) left since it was eaten by the Weyl "photon" which becomes massive via Stueckelberg mechanism and eventually decouples, yet it impacts on the potential (compare (12) to (9)) 4 .
Conclusions
We examined if the original Weyl quadratic gravity is suitable for inflation. This theory is based on Weyl conformal geometry and its gauged local scale symmetry (also called Weyl gauge symmetry) forbids the presence of any fundamental mass scale in the action. Its action undergoes spontaneous breaking via geometric Stueckelberg mechanism. In this way the Weyl "photon" of gauged dilatations becomes massive (mass ∼ qM ), after absorbing the Goldstone mode (compensator/dilaton) ln φ 0 and (spin-0 mode) propagated by theR 2 term in the action. The result in the broken phase is the Einstein-Proca action for the Weyl "photon" and a positive cosmological constant. If the initial action also has a non-minimal coupling ξ 1 to an additional scalar (φ 1 ), a scalar potential is found after the Stueckelberg mechanism. This potential has a minimum for non-vanishing scalar vev that is triggered by the gravitational effects (non-minimal coupling) and is suitable for inflation. Since the Planck scale is emergent as the scale where Weyl gauge symmetry is broken, the presence of field values above this scale, needed for inflation, is actually natural in Weyl gravity. Moreover, the existence of a non-zero vev of the dilaton (fixing M ) is actually a dynamical effect in a FRW universe. The study is also motivated by the fact that the action involves the square of the (Weyl) scalar curvature, which points to similarities to the successful Starobinsky model. Our analysis shows that Weyl inflation predicts a specific, small tensor-to-scalar ratio (r) within a narrow range 0.00257 ≤ r ≤ 0.00303 for N = 60 and with n s within 68% (CL) of the experimental value. This range of values for r will soon be tested experimentally; they are mildly smaller than those for same N in the Starobinsky model M 2 R + R 2 recovered in the limit of vanishing non-minimal coupling. Such value for r is also an indirect test of the presence of the Weyl gauge symmetry. For an accurate comparison to Starobinsky model, quantum corrections should be included; those from the matter sector are small. The Weyl model of inflation has however the advantage that higher order (in curvature) terms are simply forbidden by the underlying Weyl gauge symmetry. Another advantage is that the Weyl gauge symmetry of this model is also allowed by black-hole physics, unlike the models with a global scale symmetry, while local scale invariant models (no gauging) have a ghost dilaton present. Finally, the above predictions for r and the spectral index n s are found for values of the non-minimal coupling ξ 1 in the perturbative regime. In this respect the situation is different from Higgs inflation where a large coupling ξ 1 is required.
Note added in proof: While this work was being typewritten, preprint arXiv:1906.03415 appeared (10 June) which analyses (section 4) inflation in this model by using the two-field basis eq.(7) instead of our one-field formulation, eq.(12). The results are consistent and complementary.
